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ABSTR ACT

Narrowband filters are inherently II. THE SYSTEM ERROR FOR AN
of high order, so they require a high N-STAGE MIJLTIRATE FILTE~computation rate if implemented directly.
Multirate filters are capable of effec— Let (x~~ be the input to and (y

d)
tively approximating narrowband charac— 

the output of a filter with transfer func-teristics. Such an implementation may
require a much reduced rate of computa— tion Fd (z), as illustrated by the upper
tion. This paper derives an expression signal path of Fig. 1. An N-Stage multi—
for the system error of this approach, rate implementation of this filtering,
This error consists of two components, shown as the lower signal path of Fig. 1,
one due to the filter approximation and is composed of N generalized decimators
the other due to aliasing. The role of followed by N ~eneralized interpolators.aliasing error in the design of multi— Its output is ty~) which is to be close
rate filters is then considered . Ex-
amples are presented . to

A generalized decimator consists of

~~ . INTRODUCTION a filter 
~~
H. (z) followed by a decrease

in the sampling rate by a factor of D~.Multirate filters, those filters It reduces to a simple decimator if H~ iscomposed of cascaded decimators and in—
terpolators , have been shown to be useful a lowpass filter. A generalized interpo—
in implementing narrowband lowpaas fil— lator consists of an increase in the sam—

— ters. Bellanger et al. in [lJ used multi— pling rate by a factor of Di followed by
~~ rate filters composed of half band dcci— the filter ~~G. (z).

taring and they demonstrated that compu—
mators and interpolators for lowpaas fil—

tational savings could be realized. Rab- Let H. and G. be linear phase FIR
1 1

mul t i r a t e  lowpass implementations which
iner and Crochiere in (2] and (3] found f i l ters  of orders NHi and NGj respectively.

minimized either multiplication rate or The H. are symmetric, and only one output
coefficient storage. Both of these works of H

~ 
is required for every 

~~ 
inputs.

LLS asiumed that the aliasing error was n~g— Only one of each D~ input~ to filter G~ 
is• ......J ligible.

non zero. By taking advan~tage of theseIn this paper , we calculate the aye— properties, the multirate filter requires
• tern error of multirate implementation of N i
C..~~ lowpass ’f~ilters . This error consists of

two compof~ nts , one due to filter approxi— only E(N . + N ./2) / IT D. multiplica-Gi Hi j~ l ~
• ____ 

mation and bb,~e other due to aliasing. By tions per output . If this is less than the
~~~~ using this re~~lt, design rules can be multiplication rate of a comparable directformulated whic~h~ limit the ch asing error implementation, a computational saving isin these filters e Examples of multirate realized by using the multirate structure.filters so designe~t are given.

In the lower path of Fig. 1, the sam—tThia research is sponsored by the Air phing rate is increased and decreased ac—
Force Office of Scientific Research, Air cording to the equations~Force Systems Command, tJSAF, under Grant
No. AFOSR-76-3083. \
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2i 2j—]. is correlated to the signa l it is more ob—
x = xn. D. n .  + e U) jectionable than noise which is not . Thus

1 1 1 a reasonable S would make e comparable to,
but somewhat less than the ~oundoff noise.

-

‘ 
x~~~

21 
, 
~~~~~~~~~~~~ 

By picking

4N—2i+l 1 sGi i 1 i—i sx~ — (2) 
tUSH = = 2m/D . - 0 . . .0 . si , and

0 , otherwise

for i=l ,2 N where 6. is an integer 
W
SHN 

= 5SGN 
= Dl...0N.lw . (8)

S
1

valued random variable taking on the values an approximation for eA can be made which
0,1 o~-.1 with equal probability, is valid for a reasonably smooth $ [exp (jw)].

This approximation allows us to control the
~~ For a wide sense stationary input aliasing error by simple choices of the

wi th power spectral density l[exp(jw)], stx~pband ripples of H~~[exp(je)] andit is shown in [4] tha t the mean square
error is given by G 1fexp ( j w ) ] .  The procedure of Crochiere

Ef (y~-~~~)
2
) and Rabiner in [53 is usçd to pick the D

subject to the restrictions of (7) and
? N (8). The rest of the design pa ramet ers of

the H. [exp (jw)J and the G~~~~~~~~~~~~~~~~~~~~~ — F~~[g 1(w)Jl
2 

1 ~ [exp (jw)] are

x I[g1(w)ldw/2i, 
then picked to satisfy the filter approxi—

~ N mation requirement. The details can be

+_~ I~
::N f T G. [g 1 (w))H. [f

~ 
(w)]1

2f [f 1(w)]~~~/2~ 
found in [4].

N N (3) III. EXAMPLES

for  TJ~~.8. = f lo  = D where
i=l 1 1 i=l ~ We present here three examples of

multirate filter design.
g1 (w) exp (jwD1... D~_1) ‘ Example 1. The specifications are:

i-l N k
f (e) = exp(ju flD.+j2~ E n / RD.) ~ =.05~~ , 6 =.Ol , w .lm, 6 = .001, S=105.p p 5 5

j=l k=i k j  
~~ 

By using the design program of McClellan
et al. [6], a filter of order of 110 was

ari d the product [Di ..  .D1_1) is defined to found to satisfy the specifications, The

be 1 for i-i. The symbol ~~ represents 
design parameters for a one stage multi—
rate f i l t e r  are :

N summations; one for each n.. The range
1 w .05n , 6 .005, si .l,y, 6 .0046

of summat ion of n 1 is from 0 to D.—l , but PH pH sH sH
1.

the term where all n. equal zero is ex— ~~~~~~~~~~~~~~~~~~~~~~ = .l~~.6 = .0015;0 10.sG sG
cluded from the summ~tion. Filters were designed to these specifica—

The first term in (3) is the error tions. The orders of H and G are 96 and
due to approximation of F~~[exp (jI5)] by 

.110 respectively. The optimization pro-

N cedure of Crochiere and Rabiner in [5] Se-
We call this the lects as optimal D1=5,D2=2. For this two

stage implementation , our filter design
filter approximation error and denote it parameters are
by e~~. The second term in (3) is the er-
ror due to aliasing generated by the wpHi .05ff.6PHi=.0025~wSHi=.30!?.6SH1=.0046;
sampling rate changes. We call  this the
aliasing error and denote it by 5A’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

For acceptable filter approximation, wp~~
=.25

~
?.ôp~~

=.0025.wsH2 =.50??.8sH2=.0o46;
we require that  the magnitude of
N ~~~~~~~~~~~ .0025,w =.50~ ,b =.0018.pH2 sG2 sG2

TTH~~[g~~(tu ) ]G~~[g~~(u. ) J  be within 6 of
j~~i 

p Filters were designed to meet these para-
meters using 16). The orders ofFd

texp (jW)) in its passband and within and were 20,22 ,23 ,25.
of F

d
[exp (jw)] in its stopband . For

acceptable aliasing error we require that Figure 2 illustrates
N

eA ~ 
Ej (x~ )

2)/S (6) TTH~ g~(w)JG~[g~(ts.)1 for the one stage
1=1

for some specified S. Since the aliasing implementation . Figure 3 illustrates it
for the Optimal two stage implementation .

100
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Table 1 gives a comparison of the multi— REFERENCES
plication rates of the various implementa-
tions. [1] M.G. Bellanger , J.L. Daguet, and G.P.

Example 2. The specifications are Lepagnol , “Interpolation , extrapola—

w “ .0833~~,6 .3l ,~ = 1667w ,6 = 155 ~~~~~~~~~ 
tion , and reduction of computation

p 
. , speed in digi tal  f ilt e rs ,’ IEEE Trans.

The Crochiere and Rabiner procedure gen- ASSP, pp.231-235, Aug . 1974.

erates D1=3 , D2=2 as the optimal choices [21 L.R. Rabiner and R.E. Crochiere, “A
of the D~. Table 1 compares computation novel implementation for narrow—band

rates for the direct , one stage, and opti— FIR digital  f i l t e r s,” IEEE Trans.
mal implementations . ASSP, pp.457—464, Oct. .1975.

Example 3. The specifications are [3] R.E. Crochiere and L.R. Rabiner, “Fur—

si .0833i~,6 .3l,~ =.l667,y,6 = .155 ,s=105. ther considerations in the design of
s decimators and interpolators ,” IEEEp p S

Table 1 compares the multi lication rates Trans. ASSP, pp.296~-3ll. Aug. 1976.

for the direct , one stage and two stage
implementations . [4] F. Mintzer and B. Liu, “Aliasing error

in the design of multirate filters ,”

IV. CONCLUSIONS submitted to IEEE Trans. ASSP.

A lias ing error arises in a mul t i ra te  [5] R.E. Crochiere and L.R. Rabiner, “Op—
f i l ter as a result of samp ling rate t imum FIR digi tal  implementations for
changes . We have calculated the aliasing decimation , interpolation, and narrow—
error in a mu l t i r a t e  f i l te r, and designed band f i l t e r ing,” IEEE Trans. ASSP,
multirate filters which impose a bound on pp.444—456, Oct . 1975.
aliasing error while meeting the filter
approximation specifications. Examples [6] J.H. McClellan , T.W.Parks, and L.R.

2 and 3 demonstrate that this multirate Rabiner, “A computer program for de—
filter may not have a computational ad— signing optimum FIR linear phase digi—
van tage over the direct implementation . tal f i l te rs,” IEEE T~ans. Audio
In many cases , however, the multirate Electroacoust, pp.506—526, Dec. 1973.
f i lter wi l l  have a computational advantage
as it does in Example 1.

Table 1. comparison of Multiplication Rates of the Exai~~les

rimpiementation Examp le 1 Example 2 
- 

Examp le 3

Direct form 55.0 6.0 6.0

One—Stage 15.8 7.0 10.0

Two Stage 10.1 6.0 9.8

- 
(optimum ) 
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Fig. 1. N-STAGE MULTIRATE IMPLEMENTATION
( top  pa th :  desired f i l t e r i n g
bottom path: multirate implementation)

0 I I I I I I ~ I f o . I I I I I I I I

-20 t —20

40 + —40
‘0 I I

‘0
z -60 —60z

~ —80

- 100 — 100

—120 —120

—140 —140

— 160

ibO I I  180 I I I
0 .2” .4’, .6,, .8-’ ,

~ 0 .2-’ ‘ .4— .6r~ .8-’ANGU LAR FREQUENCY IN RADIANS ANGULAR FREQUENCY IN RADIANS

F ig. 2 .  FREQUENCY RE SPONSE FOR THE Fi g. 3. FREQUENCY RE SPONSE FOR THE
ONE- STAGE IMPLEME NTATION OF EXAM PLØ 1 TWO- STAGE IMPLEME NTATION OF EXAMPLE 1

100

— ~~~~~~ 
-

~ 
.- ~ 

— J11 ~~~



SE CURITY  CLA ICAT I ON OF THIS  PAGE (Wl.rn

PORT DOCUMENTATION PAGE 
—_______ 

_________

7 8 — 
~~~

‘ 5 ~_,I j 2 
GOVT ACCESSION NO. UMBER

/ 4.~’ 1L ~~T~~T~ uor,rte) 5. 0 RT & PERIOD COVERE D

~~~~~ (,.~LrA~ rN G ~~~~JR t~ ~1’~1 ~j~ULT IRAT .~ . i..
I - ’iPL ’li:~nTA rIon O? N A RI ~.ö~.~fl3AND FILT,~RS. . çj I

4

v TrIter
6 R ‘,MIN ~~~~b E ~~W~ NUMB ER

9. PERFORMING O R G A N I Z A T I O N  NAME AND ADDRESS 10 . PROGRAM ELEMENT . PROJE CT , T A SK
A R E A  & WORK UNIT NUMB ER

Princeton University
D~partmcnt or ~lect~-icai ~ngineer ing 1 

‘~~ ~~~~~
r~~ -~ ton , ~J ~~~ ( /7 A(.~a f

I I .  CONTROLLING OFFICE NAME AND ADDRESS - ,- T A T O

Air Force O f f i ce  of Scientific  Research/ 1 - T~.-~v M7~Boiling AF}3, DO 2O3~~2 13 . N

14. MONITORING AGENCY NAME & A DDRESS(iI different from Cont ro l l i ng 01(1cc) IS SECURITY CLASS.  (of (his report)

rJ ;IcLAssII~I ~D
ISa . DECLASSIF I C A T I O N / D O W N G R A D I N G

SCHEDULE

16. DISTRIBUTION S T A T E M E N T  (of this Report)

Approved for  public rcio~ so; dis t r ibution unlimited

17. DISTRIB UTION ST A T E M E N T  (of the abstract entered in Block 20, II differen t from RopeR)

15. SU P P L E M E N T A R Y  NOTE S

1977 ~~~~ INT~~tNA TI ONAL CONF. R~ NC~ ON ACOUSTICS, SP ~ CU , AND
SIGNAL PROC ..~3SLTG , pp lJ5—l~)~ , May 1977

IS. KEY WORDS (Continue on rev.,.. aid. ii necessary and identify by block ..umber)

digital filtering multirate filter~r~g
decimation narrowband f ilte~.inginterpola tion aliasing error

20. A l TRACT (Contin ue on r.v.r.. old. If n.c.a.ary and identify by block numb.,)

Narrowband filters are inherently of high order, so they re-
quire a high computation rate if implemented directly. Multirate
f i lters are capable of effect ively approximating narrowband charac
teristics. Such an implementation may require a much reduced rate
of computation. This paper derives an expression for the system /
error of this approach. This error consists of two components,

DD 
~~~~~~~ 

1473 £01110 OF I NOV UIS oeso ET~ 
IJn,~.I,, O~ T~’T :r ‘_.~U( 

~~ 
(

~Ø ~73 ~~~~~ SECURITY cLASSIFICA TI0W OF THIS PAGE (~~ ton D1~~ £nI.r.d)

- -- ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



— 
— 

2 0 .  AbrIt r - lc t ;

fl’one due to the filter approximation and 
the other due to

I aliasing. The role of aliasing error in the design of multi—

rate filters is then considered . Examples are presented.
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